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1. Motivation: Riemannian spaces 2. Presentation of the scheme 3. The scheme 1s a Markov chain
B Solving the root-finding problem: B SA scheme to approximate (1) ~ extension of the e Exp : TO — O is the B For any 1 > 0, (6,)nen is a time-homogeneous
find 0 € O satisfying h(8) = 0 1) Robbins-Monro algorithm for Riemannian mani- Riemannian  exponen- Markov chain.
N SAVISLYLIS B folds |2, 1], for any n € N, - | tial, roughly Expy(v) = B Lyapunov conditions + Taylor expansion gives
where © is a complete and connected Riemannian » b Evt " [Th 1 (Eraodicitu & stati p
manifold, TO is the tangent bundle, the mean- Oni1 = Expy (MHy (Xni1)}, 0.5 : * bx ralas§:mp 1(211.1:. corein ( rgoaicity stationary
field, h : © — TO, is a smooth vector field. " 00 _ | - L ES LA EIU R COUCRINION S Mmeasures )
B Our goals : g Lomdene | on €, There exists 1 > 0 s.t. for any n € (0,71],
e approximate a solution iteratively ~» first-order where: e _crdnaoin fipett) the Markov chain is geometrically er-
method. o Hy, (Xn}rl) = h(0n) + g, (Xn+1) is a noisy obser- Lipschitz gradient Lyapunov function V s.t. g()di(; and admaits a unique Stati()nary
ation of h 2 - ..
e use the geometry of ©® ~~ curved space. VArion ’ L |lh(6)] +C“’2<gra;7dV(6’), h(0))p < C1, i.e. —gradV measure u". In addition
. e Eleg(X1)| = 0 with a bounded second moment, and h are “close’,
e find convergence bounds & asymptotic results. |
e N > 0 1s a step-size, 2. Cgrad V(0),h(0))s < _AV(H)]I@\B(G*,r)(HL t.e. h
x q 3 % 1 points towards 6* when far from it.
4. Choosing the Lyapunov function ® (Xn)nen random ii.d. process on (X, &), B Special case h = —grad f corresponds to SGD op- . . .
. . . L | where 0y« 1s the Dirac mass on 6*.
, : , e 0* € O is a solution to (1), timization for a smooth f: © — R. !
B For Euclidean spaces, e.g. R¢, typically V; : 0 —
|6 — 6*|°. Tt is smooth, its gradient points to the : : : —
solution & is Lipschitz. 5. Variance estimation at equilibrium
: : 9 . :
Rlem.anman schemes cannot use pg as the Hes— B For SGD., we d’erlve an expansion of the mean er- @ Central limit theorem to find the rate of con- e a Taylor expansion of h at 6*, roughly
sian 1s npt bounded ~» 1.r10t Lipschitz gra.dlent. ror at stationarity: vergence of (U")ye(o.)- Assume: h(6) = A(6* —6) +o(|0* —6)).
Instead, interpolate V{; with another function. e O isa Hadamard manifold, 7.e. complete and sim- Define a renormalized family of measures
Multiplying with a bump function x on 6%, , ply connected, with non-positive curvature, (7" )ne(om by a factor n'/2, i.e. for any A € B(T-O):
5 s f lgrad f(6)[dp" (0) e ¢y9(X1) has a finite moment of order 2 + ¢, v (A) = p" (Expg- [ﬂ1/2A])-
Va 1 0 x(0)p3(60%,0) + (1 — x(0))C - S (Hesen £ £ ot
= (N r (Hess g+ +o(n) , - . A
L ) Theorem 2 (Central Limit Theorem)
Linearizing Vy, when far from 6* for some 0 > 0, . _ . .
| | | The family (7")qe0m) converges weakly to N(0, V), where V is solution to the Lya-
where Y(0) is the covariance matrix of eg(X1). . ’
2 2 1/2 2 ~~» The square norm of grad f is linear w.r.t. the step punov equation
Vi:0— o0 60*,0)/0)° + 1 —0° . , i T _ *
: ((po(67,0)/5)% + 1) e | AV + VAT = (6"). )
6. Applications 7. Experiments on the barycenter
B SGD without boundedness conditions. Assume WM With weaker assumptions, we study the distance- Fig. 2: Paths of the algorithm On © = Syméo (R) < R°Y*°% the SPD manifold.
e f twice continuously differentiable & Lipschitz gradient, like function. DZ (61, 92) = p§ (91 ,02)/[1+4 pg, (01, 62)]. S— — — e Discrete case: ™ = M1 qu,\iﬂi o5, -
o fis A-strongly geodesically convex. C Assumfie1 f is geodesically quasi-convex: _ Apply (2), see Fig. 1 & 3.
~» We obtain the exponential forgetting of the —(Expy " (0%), grad f(6))s = A fV1(6’) ,.. 5::10'1 107" 107 | e Continuous gase:_ltam? gra2d fr by2 taking »
initial condition, with O(n) oscillations: ~~ Convergence as O(1/n) until O(n) oscillation: = Hy(X) = (1/2)Exp, " (XM){p2 (0, X)) /2 + 1}71/2
, , , where X1, X(2) < 7 are i.i.d. copies.
. 1.04 .104ite.rationsk 10% . Apol ( 3> i 9 & 4
E [f(en) . f((g*)] < (1 _n>\f/2)n [f(HO) . f(9*>] -|—T]C . (2) i Flg 3 & 4: SIZG Of OSCIH&thHS w.r.t. the Step—81ze N pp y ’ SECE 1g° .
n~l S IR [D2(60%,6,)] < 4v1(90)/(nmf) +nC . (3)
P, il Patie of Hie algodiinm - ] ;Z T e W o iary 01109 k} Bibliography
0 MO0 e =000 =00 B We Stlldy K implement the Riemannian bary(;en_ Sie | } ‘ f ;;% =l 4/ ] | [1] S. Bonnabel. “Stochastic gradient descent on Riemannian
_ »\ : : : .. . " [ | ’ 0,495 [ manifolds”. In: IEEFE Transactions on Automatic Control
< , , , \\ ter pI‘Oblem: for a distribution @ on @, 1M1111N17¢E 05 \ Norm of residuals = 3.17e-2 - - | Norm of residuals = 7.59e-7 58.9 (2013), pp. 2217-2229
=" D N | . o otz 0w on o5 oo o G oor o1 e om om o o ' » PP- '
= LA Y f7T 10— (1/2) S@ IO%) (97 V)T('(dV) ) —— e 2] H. Robbins and S. Monro. “A stochastic approxiation
0% 000 2008% 0 . k100100'40 1000 2000 3000 A grad fw(é)) _ S@ EXpe_l(V)ﬂ'(dV) . method”. In: The Annals of mathematical Statistics 22.3

(1951), pp. 400—407.



